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Introduction 

Let C be a curve of genus g > 2 , G an almost simple complex Lie group, and 
^ I M. G the moduli space of semi-stable G-bundles on C . For each component M.' G of 
M.G , the Picard group is infinite cyclic; its positive generator C' G can be described 
<^ ■ explicitely as a determinant bundle. Then a natural question, which we will address 
in this paper for the classical groups, is to describe the space of "generalized theta 
functions" H°(.M G ,£ G ) and the associated rational map tp° G : M.' G — > \C G \* . 

The model we have in mind is the case G = SL r . Let J 9_1 be the component of 

< 
■3 

bundles L in J 9 with H U (C,L) ^ . For a general E G AisL r > the locus 



> 

X 



the Picard variety of C parameterizing line bundles of degree g — 1 ; it is isomorphic 
to the Jacobian of C , and carries a canonical theta divisor consisting of line 



9 E = {L e J s_1 I H°(C, E ® L) ^ 0} 

"sj- ■ is in a natural way a divisor, which belongs to the linear system \r@\ on J 9 . We 
thus obtain a rational map $ : -MsL r — - * \rQ\ . The main result of [BNR] is that 
there exists an isomorphism |£slJ* \r@\ which identifies the rational maps 

^ ' <PSL r and "& . This gives a reasonably concrete description of </?sL r . , which allows to 



get some information on the behaviour of this map, at least for small values of r or 
g (see [B3] for a survey of recent results) . 

Let us consider now the case G = SO r with r > 3 . The moduli space M.$o r 



parametrizes vector bundles E on C of rank r and trivial determinant, with a 
non-degenerate quadratic form q : S 2 E — > O g ', it has two components A^5 0r anc ^ 
■A4gQ r . Let 9 : -Msov — ■ * | r ©| be the map (E, q) ©e • We will see that 9 maps 
M.Q 0r and A^g 0r into the subspaces |r6| + and |r©|~ corresponding to even and 
odd theta functions respectively. Our main result is: 

Theorem.— There are canonical isomorphisms \jCqq |* jr©^ which identify 
Pso r : -^sb ~"~" > l^so I* w tth the map 9 ± : Afg — ■> jr©^ induced by 9 . 

This is easily seen to be equivalent to the fact that the pull-back map 
9* : H°(J 9_1 , (9(r©))* — >• H°(7Wso r ? £so r ) is an isomorphism. We will prove that 
it is injective by restricting to a small subvariety of A4so r ( § !)• Then we will use 
the Verlinde formula ( § 2 and 3) to show that the dimensions are the same. This 
is somewhat artificial since it forces us for instance to treat separately the cases r 



even > 6 , r odd > 5 , r = 3 and r = 4 . It would be interesting to find a more 
direct proof, perhaps in the spirit of [BNR] . 

In the last section we consider the same question for the symplectic group. 
Here the theta map does not involve the Jacobian of C but the moduli space J\f 
of semi-stable rank 2 vector bundles on C with determinant Kc . Let C be the 
determinant bundle on M . For (E, tp) general in -Msp 2T . ? the reduced subvariety 

A E = {F G Af | H°(E®F) / 0} 

is a divisor on A/", which belongs to the linear system \C\ ; this defines a map 
A^Sp 2r |£ r | which should coincide, up to a canonical isomorphism, with ^Sp 2T . • 
This is a particular case of the strange duality conjecture for the symplectic group, 
which we discuss in § 4 . Unfortunately even this particular case is not known, except 
in a few cases that we explain below. 

1. The moduli space A^so,, 

(1.1) Throughout the paper we fix a complex curve C of genus g > 2 . For G 
a semi-simple complex Lie group, we denote by A^g the moduli space of semi-stable 
G-bundles on C . It is a normal projective variety, of dimension (g — 1) dimG . Its 
connected components are in one-to-one correspondence with the elements of the 
group 7Ti(G) . 

(1.2) Let us consider the case G = SO r (r > 3) . The space Aiso r is the mo- 
duli space of (semi-stable) orthogonal bundles, that is pairs (E, q) where E is a semi- 
stable 1 vector bundle of rank r and trivial determinant and q : S 2 E — >• Oq a non-de- 
generate quadratic form. The two components A1g and Mqq are distinguished 
by the parity of the second Stiefel- Whitney class w 2 (E, q) G H 2 (C, Z/2) = Z/2 . This 
class has the following property (see e.g. [Se], Thm. 2): for every theta-characteristic 
k on C and orthogonal bundle (E, q) G M.so r > 

w 2 (E,q) = /i°(C,E<g> k) + rh°(C,K) (mod. 2) . (1.3) 

The involution i:Lh Kq ® L _1 of J ff_1 preserves , hence lifts to an 
involution of Oj g -i(Q) . We denote by |r©| + and \r®\~ the two corresponding 
eigenspaces in |r©| , and by 9 : A^so r — ■ * |r0| the map (E, q) Oe . 

Lemma 1.4.— The rational map 9 : M.so r \rO\ maps J^iso r ^ n l r ®l + an d 
M so in \r@\ . 

1 By [R], 4.2, an orthogonal bundle (E, q) is semi-stable if and only if the vector bundle E is 
semi-stable. 

o 



Proof : For any E <E MsL r we have l*@e = ©E* , so 0(Mso r ) is contained in the 
fixed locus |r©| + U |r0|~ of i* . Since A^g 0r . i s connected, it suffices to find one 
element (E,g) of -Mg (resp. -Mg ) such that ©e is a divisor in |r©| + (resp. 
|r©|" ). 

Let k G J 9_1 be an even theta-characteristic of C ; a symmetric divisor 
D £ |r©| is in |r@| + (resp. |r©|~ ) if and only if mult K (D) is even (resp. odd) - see 
[Ml], § 2. Let J [2] be the 2-torsion subgroup of Pic(C) ; we take E = ot\ © . . . © a r , 
where ai,...,a r G J[2] and J^cti = . We endow E with the diagonal quadratic 
form q deduced from the isomorphisms af = Oq ■ Then ©e = @ ai + • • • + ©a T . • 
By the Riemann singularity theorem the multiplicity at k of a is h°(a®K). 
Thus by (1.3) 

mult K (0 E ) = ^2 h°(ai <g> «) = h°(E <g> «) = iw 2 (E, g) mod. 2 . ■ 

(1.5) Let jCso r be the determinant bundle on Aiso r , that is, the pull back of 
£sL r . by the map (E, q) i— > E , and let £g 0r and £g 0r be its restrictions to -Mg 0r 
and A^gQ . It follows from [BLS] that for r^4, Cf Q generates Pic(.Mg ) . 

Proposition 1.6 - T/ie map #* : H°(J ff_1 , (9(r©))* — > H°(A^so r , £so r ) induced 
fry 6* : A^so r l r ©| ^ aw isomorphism. 

By Lemma (1.4) 0* splits as a direct sum (#+)* © (6>~)* , where 
(0±)* : (H°(J«- 1 ,0(r0)) ± )* ► H°(M± 0r ,£± 0r ) . 

The Proposition implies that (9 + )* and (Q~)* are isomorphisms, and this is 
equivalent to the Theorem stated in the introduction. 

Proof of the Proposition : We will show in § 3 that the Verlinde formula gives 

dimH°(JW SOr ,£soJ = dimHV" 1 ^©)) = r 9 . 

It is therefore sufficient to prove that 9* is injective, or equivalently that 6(A4so r ) 
spans the projective space \r@ \ . We consider again the orthogonal bundles 
(E, q) = a\ © . . . © a r for a\,...,a r in J[2] , a i = • This bundle has a theta 
divisor ©e = O ai + • • • + 6 Qt . . We claim that divisors of this form span \r®\ . To 
prove it, let us identify J 9_1 with the Jacobian J of C (by choosing a divisor 
class of degree g — 1 ). For a G J , the divisor a is the only element of the lin- 
ear system |0j(0) ® V?( a )l j where tp : J — > J is the isomorphism associated to the 
principal polarization of J . Therefore our assertion follows from the following easy 
lemma: 



Lemma 1.7.— Let A be an abelian variety, L an ample line bundle on A, A [2] 
the 2 -torsion subgroup of Pic(A) . The multiplication map 

J2 H°(A, L <g> ai) <g> . . . <g> H°(A, L ® a r ) — > H°(A, L r ) 

a ll ...,a r €A[2] 
Q 1 + ... + a r =0 

is surjective. 

Proof : Let 2a be the multiplication by 2 in A . We have canonical isomorphisms 
H°(A,2 A L)^ H°(L®a) , H°(A,2 A L r )= H°(L r ®/3); 

aek[2] /3GA[2] 

through these isomorphisms the product map m r : H°(A, 2 A L) (8>r — ► H°(A, 2 A L r ) 
is the direct sum over (3 £ A [2] of the maps 

mf: J] H°(A,L®a 1 )®...®H°(A,L®a r ) ^H°(A,L r ®/3) . 

CKX ,... f Q r eA[2] 

ai + -+ar=/3 

Since the line bundle 2 A L is algebraically equivalent to L 4 , the map m r is 
surjective [M2], hence so is for every (3 . The case (3 — gives the lemma. ■ 

2. The Verlinde formula 

(2.1) We keep the notation of (1.1); we denote by q the number of simple 
factors of the Lie algebra of G (we are mainly interested in the case q — 1 ). 

To each representation p : G — > SL r is attached a line bundle C p on A^g , 
the pull back of the determinant bundle on Aish r by the morphism Mg — ► A^sL r 
associated to p . The Verlinde formula expresses the dimension of H°(A4g, >C^) , for 
each integer , in the form 

dimH°(A4 G ,££) = N fcdp (G) , where 

• dp G N g is the Dynkin index of p . For g = 1 the number d p is defined 
and computed in [D], § 2. In the general case the universal cover of G is a product 
Gi x . . . x G q of almost simple factors, and we put d p = (d pi , . . . , d Pq ) , where pi 
is the pull back of p to G^ . 

We will need only to know that the Dynkin index is 2 for the standard 
representation of S0 r (r > 5) , 4 for that of SO3 , and (2, 2) for that of SO4 . 

• Ng(G) is an integer depending on G , the genus g of C , and I G N 9 . We 
will now explain how this number is computed. Our basic reference is [AMW]. 



(2.2) The simply connected case 

Let us first consider the case where G is simply connected and almost 
simple (that is, q — 1 ). Let T be a maximal torus of G , and R = R(G,T) the 
corresponding root system (we view the roots of G as characters of T ). We denote 
by Ti the (finite) subgroup of elements t G T such that a(t) = 1 for each long root 
a , and by T^ eg the subset of regular elements t G (that is, such that a(t) ^ 1 
for each root a ). It is stable under the action of the Weyl group W . For t G T , we 
put A(t) = J~J (&(t) — 1) . Then the Verlinde formula is 




(2.3) This number can be explicitely computed in the following way. Let t be 
the Lie algebra of T . The character group P(R) of T embeds naturally into t* . 
We endow t* with the W-invariant bilinear form ( | ) such that (a \ a) — 2 for 
each long root a , and we use this product to identify t* with t . Let 9 be the 
highest root of R ; we denote by Pe the set of dominant weights A G P(R) such 
that (A | 6) < £ . Let p G P(R) be the half-sum of the positive roots. The number 
h :— (p | 6) + 1 is the dual Coxeter number of R . We have |T^| = {£ + h) s fv , where 
s is the rank of R , / the order of the center of G , and v a number depending on 
R; it is equal to 1 for R of type D s and to 2 for B s ([B2], 9.9). 

For AeP^ we put t\ = exp 2iri -— ~r " The map A ^ t\ is a bijection of Pf 

l + h ' 

onto Tf g /W ([B2], 9.3.c)). For A e P e , we have a(t x ) = exp2m ^^LEI } an d 

-C | lb 

therefore 

A(tj) = n 4 ^ mi±£) . 

(2.4) T/ie non-simply connected case 

We now give the formula for a general almost simple group, following [AMW]. 

Let Z be the center of G . An element t of T belongs to Z if and only 
if a(t) = 1 for all a G R , or equivalently w(t) = t for all w G W . It follows that 
Z acts on the set T^ eg by multiplication; this action commutes with that of W 
and thus defines an action of Z on T^ eg /W . Through the bijection — > T^ eg /W 
the action of Z on P^ is the one deduced from its action on the extended Dynkin 
diagram (see [O-W], § 3 or [Bo], 2.3 and 4.3). 

Now let T be a subgroup of Z , and let G' = G/T . We denote by P' e the 
sublattice of weights A G Pe such that Air = 1 • The action of T on Pe preserves 



; we denote by T • A the orbit of a weight A in P^. The Verlinde formula for G ; 



is: 



W) = |r|£.ir-A|-*(JgL)'-' 



AGP^ 



Each term in the sum is invariant under T , so we may as well sum over P'g/T 
provided we multiply each term by |T • A| : 

N,(G') = |r| J2 F-^i^JT)) 9 ' 1 ■ ( 2 - 5 ) 

(2.6) The general case 

The above formula actually applies to any semi-simple group G' = G/T , where 
G is a product of simply connected groups Gi,...,G q [AMW]. 

We choose a maximal torus T^ in Gj for each i and put T = 
T^ x ... x T^ . Let I := (£i, . . . ,£ q ) be a g-uple of nonnegative integers. We 
put T £ = T^ } x ... x T^ } ; the subset Tf g of regular elements in T £ is the prod- 
uct of the subsets (T^) reg . For each i, let be the set of dominant weights 
of TW associated to G; and U as in (2.3), and let = P^ } x . . . x P^ } . For 
A = (Ai, . . . , X q ) GPf, we put t\ = (t\ 1 , . . . , t\ ) G Ti ; this defines a bijection of 
P^ onto T^ eg /W . The elements of P.g are characters of T , and we denote by P^ 
the subset of characters which are trivial on T . The group T is contained in the 
center Zi x . . . x Z q of G , which acts naturally on P^ and P^ . Then 

N<(G') = |r| E F-^i^j) 91 ^ 



Aep;/r 



with aTTT = II TTTTl ' A ^( £ ) = II " !) fOT 1 G tW 



A (^) t\ Ai ^ 



a£R(G i ,T( i )) 



3. The Verlinde formula for SO r 

We now apply the previous formulas to the case G ; = S0 r . We will rest very 
much on the computations of [0-W]. We will borrow their notation as well as that 
of [Bo]. 

(3.1) The case G' = S0 2s , s > 3 

The root system R is of type D s . Let (ei, . . . , e s ) be the standard basis of 
R s . The weight lattice P(R) is spanned by the fundamental weights 

VJj — E\ + . . . + £j (1 < j < s — 2), 

w s-l = (si + ■ ■ ■ + £ s -i - £s) , = tt( £ i + • • • + £ s-l + £ s) ■ 



For A € P(R) , we write A + p = '^^tiWi = ^^UiSi with 

i i 

1. 1. 
Mi = ti + . . . + t s _ 2 + -(t s -l + t s ) , ... , U s -2 = t s -2 + -{ts-1 + t s ) 

U s -1 = -{ts-1 +t s ) , U s = -{-ts-1 + t s ) 

{ui e , m - u i+1 e Z) . 

Put k = t + 2s — 2 . The condition A G Pi becomes: U\ > . . . > u s , U\ + U2 < k 
and u s -i + u s > ; the condition AePj imposes moreover t s _i = t s (mod. 2), 
that is, Ui e Z for each i . Thus we find a bijection between and the subsets 
U = {ui, . . . ,u s } of Z satisfying the above conditions. 

The group Z is canonically isomorphic to P(R)/Q(R) (note that R = R v in 
this case); its nonzero elements are the classes of zui,zu s -i and zu s . The nonzero 
element 7 which vanishes in SO2S is represented by the only weight in this list 
which comes from S02 S , namely w\ . It corresponds to the automorphism of the 
extended Dynkin diagram which exchanges olq with gl\ and with a s (see 

[Bo], Table D; ); it acts on P^ by 7(1/1, . . . , u s ) = {k — 1/1,1/2, . . . , u s -i, —u s ) . Thus 
the subsets U as above with u 8 > , and moreover 1/1 < | if u s — , form a system 
of representatives of P^/r . The corresponding orbit has one element if u\ — | and 
i/ s = , and 2 otherwise. 

For a subset U corresponding to the weight A we have [O-W] 

A(t A ) = n fc (U)= Yl 4sin 2 ^(i/ i -i/ J ) 4sin 2 ^(i/ l + i/ i ) . 

l<i<j<s 

Now we restrict ourselves to the case £ — 2 , so that k = r = 2s . Put V = 
{s, s — 1, . . . , 0} . The subsets U to consider are those of the form Uj := V — {j} 
for < j < s . We have 

• n r (Uj) = 4r s " 1 for 1 < j < s - 1 by Corollary 1.7 (ii) in [O-W]; 

• n r (U ) = n r (U s ) = r 5 " 1 by Corollary 1.7 (iii) in [O-W]. 

We have |T 2 | = 4r s (2.3). Multiplying the terms U and U s by 2 x ~ 2g and 
summing, we find: 

N 2 (S0 2s ) = 2[(s - \).r g - x + 2 1 - 29 [2.(4r) 9 " 1 ] = r 9 . 

(3.2) The case G' = S0 2s +i , s > 2 

Then R is of type B s . Denoting again by (57, . . . ,e s ) the standard basis of 
R s , the weight lattice P(R) is spanned by the fundamental weights 

wi = si , w 2 = si +e 2 , • • • , Tu s -i = si + . . . + e s -i , zu s = -{ex + . . . + e 8 ) . 



For A € P(R) , we write A + p = 2_^tiWi = 2_^ u i £ i with 

i i 



Ul = ti + . . . +t a -i + — , ... , U s _i=t s _i + — , U s = — , 

with m G and u$ — u^+i G Z for each i . Put fc = £ + 2s — 1 . The condition 
AePf becomes 1/1 > . . . > u s > and u\ + i/ 2 < k . Since zu s is the only funda- 
mental weight which does not come from S0 2s+ i , the condition AePj is equivalent 
to t s odd, that is, « s eZ+|. Thus we find a bijection between P' e and the subsets 
U = {ui, . . . , u s } of Z + I satisfying 

Mi > . . . > u s > , Ui + U2 < k . 

The non-trivial element 7 of T acts on P^ by 7(1/1, . . . , u s ) = (k — 1/1,1/2, • • • , u s ) . 
Thus the elements U as above with 1/1 < f form a system of representatives of 
P'l/T . The corresponding orbit has one element if u\ — | and 2 otherwise. 
For a subset U corresponding to the weight A we have [O-W] 

s 

A(t\) = $ r (U) = J"! 4sin 2 -(iti - Uj) 4sin 2 -(i/^ + itj) ]^[4sin 2 —m . 

l<i<j<s i=l 

Now we restrict ourselves to the case £ = 2 , so that k = r = 2s + 1 . Put V = 
{s + TpS — |, . . . , |} . The subsets U to consider are the subsets := V — {j + |} 
for < j < s . We have 

• $ r (Uj) = 4r s_1 for < j < s - 1 by Corollary 1.9 (ii) in [O-W]; 

• $ r (U s ) = r 3 ' 1 by Corollary 1.9 (ii) in [O-W]. 

We have again |T 2 | = 4r s (2.3). Multiplying the term U s by 2 1_2ff and 
summing, we find: 

N 2 (S0 2s+ i) = 2[s.r 9 ~ 1 + 2 1 - 2 3(4r) 9 " 1 ] = r« . 

(3.3) The case G' = S0 3 

In that case G = SL 2 has a unique fundamental weight p , and a unique 
positive root 9 = 2p . The Dynkin index of the standard representation of SO3 is 
4 , so we want to compute N 4 (SOs) . We have IT4 1 = 12 (2.3). The set P4 contains 
the weights kp with < k < 4 ; the weights with k even come from SO3 , and T 
exchanges kp and (4 — k)p . Thus a system of representatives of P^/r is {0, 2p) , 
with |r • 0| = 2 and |r • 2p\ = 1 . Formula (2.5) gives: 



N 2 (S0 3 ) = 2.[2 1 " 2ff 12 ff - 1 + 3 ff_1 ] = 3 9 

Q 



(3.4) The case G' = S0 4 

In that case G = SL 2 x SL 2 and the nontrivial element of T is (—1, —I) . The 
Dynkin index of the standard representation of SO4 is (2,2) . We have |T 2 | = 8 
for SL 2 , hence |T( 2 ,2)| = 8 2 . The set P( 2 , 2 ) contains the weights (kp,lp) with 
< k,l < 2 , and P^ 2 2 ^ is defined by the condition k = I (mod. 2). The element 
(— I, —I) exchanges (kp, Ip) with ((2 — k)p, (2 — l)p) . Thus P^ 2 2 ^/T consists of the 
classes of (0, 0) , (0, 2p) and (p, p) , the latter being the only one with a nontrivial 
stabilizer. Formula (2.7) gives 

N(2, 2 ) (S0 4 ) = 2 [ 2 • 2 1 - 29 ■ 4 2g ~ 2 + 2 2g ~ 2 }=4 9 . 

Therefore for each r > 3 we have obtained dimH°(.A/fso r . ? £so T .) = f g ■ This 
achieves the proof of Proposition 1.6, and therefore of the Theorem stated in the 
introduction. 

4. The moduli space .Msp 3T . 

(4.1) Let r be an integer > 1 . The space -Msp 2r is the moduli space of (semi- 
stable) symplectic bundles, that is pairs (E, (p) where E is a semi-stable 2 vector 
bundle of rank 2r and trivial determinant and ip : A E — > Oq a no n- degenerate 
alternate form. It is connected. To alleviate the notation we will denote it by M r ■ 
The determinant bundle C r generates Pic(A^ r ) ([K-N], [L-S]). 

To describe the "strange duality" in an intrinsic way we need a variant of this 
space, namely the moduli space M' r of semi-stable vector bundles F of rank 2r and 
determinant YJ C , endowed with a symplectic form ip : A F — > Kq . If « is a theta- 
characteristic on C , the map E t-> E k induces an isomorphism M r M' r . We 
denote by C' r the line bundle corresponding to C r under any of these isomorphisms. 

Similarly, we will consider for t even the moduli space M' so of semi-stable 
vector bundles E of rank t and determinant , endowed with a quadratic form 
q : S 2 E — > Kc • It has two components M'^ t depending on the parity of h°(E) ; 
if k is a theta-characteristic on C , the map EhE®k induces isomorphisms 
M-sOt -^sOt (l-^)- The space M.'so t carries a canonical Weil divisor, the 
reduced subvariety 

V = {(E,q)eM'+ Qt |H°(C,E)^0}; 

2V is a Cartier divisor, defined by a section of the generator £g of Pic(A^s^) ) 
([L-S], § 7). 

2 

By the same argument as in the orthogonal case (footnote 1), a symplectic bundle (E, ip) is 
semi-stable if and only if E is semi-stable as a vector bundle. 

n 



(4.2) The strange duality for symplectic bundles 

Let r, s be integers > 2 , and t = 4rs . Consider the map 

7T : Mr X M' s > M' SOt 

which maps ((E, </?), (F, -0) to (E F, (p ip) . Since .M r is connected and contains 
the trivial bundle 2r with the standard symplectic form, the image lands in A4'qq • 
For (E, ip) G M r , the pull back of £so t to {(E, ip)} x M' s is the line bundle 
associated to 2r times the standard representation, that is C' 2r ; similarly its pull 
back to Mr x {(F>)} , for (F,ip) e M' s , is C 2s . It follows that 

7T*£ S O t = tl S B 4 2r . 

If k is a theta-characteristic on C with h (k) = , we have ti{0'q , k 2s ) £ T> 
(O^T and k 2s are endowed with the standard alternate forms). Thus A := 7T*T> 
is a Weil divisor on M r x A^' s , whose double is a Cartier divisor defined by a 
section of (C s r M £' s r ) 2 ; but this moduli space is locally factorial ([S], Thm. 1.2), 
so that A is actually a Cartier divisor, defined by a section 5 of C s r M C'l , well- 
defined up to a scalar. Via the Kiinneth isomorphism we view S as an element of 
H°(M r , C s r ) ®H°{M' S , C's ) . The strange duality conjecture for symplectic bundles 
is 

Conjecture 4.3 .— The section S induces an isomorphism 

R°(Mr,c s rT ^h°(m;,C) • 

If the conjecture holds, the rational map Lpc^ : M r -—* \C*\ is identified 
through 5" to the map M r -~* \£'s\ given by Eh> Ae , where Ae is the trace of 
A on {E} x M' s ; set-theoretically: 

A E = {(F, ip) <E M' s | H°(C,E0F) ^0} . 

By [O-W], we have dimH (M r , C s r ) = dimH°(>l s , C r s ) . Therefore the conjec- 
ture is equivalent to: 

(4.4) The linear system is spanned by the divisors Ae , for E G M r ■ 

We now specialize to the case s = 1 . The space M[ is the moduli space A/" 
of semi-stable rank 2 vector bundles on C with determinant Kc ; its Picard group 
is geenrated by the determinant bundle C . The conjecture becomes: 

1 n 



Conjecture 4.5.- The isomorphism 5$ : E°(M r , C r )* H°(A/", C) identifies 
the map Lpc r '■ M r -~* \£ r \* ^ith the rational map E h+ Ae of M. r into \C\ . 

By (4.4) this is equivalent to saying that the linear system \C\ on H is 
spanned by the divisors Ae for E G M. r ■ 

(4.6) Let G be a semi-stable vector bundle of rank r and degree . To G is 
associated a divisor ©g G \C r \ , supported on the set 

©G = {F G jV | H°(C,G®F)^0} 

provided this set is ^ N [D-N] . Put E = G © G* , with the standard symplectic 
form. We have ©g = ©G* by Serre duality, hence Ae = §©e = §(©G + ©G* ) = 
6g ; thus conjecture 4.5 holds if the linear system \C r \ on A/" is spanned by the 
divisors 6g for G semi-stable of degree . In particular, it suffices to prove 
that \C\ is spanned by the divisors 6l x + • • ■ + ©l t . , for Li, . . . , L r G J . As a 
consequence of [BNR], the divisors ©l for L in J span \C\ , so Conjecture (4.5) 
holds if the multiplication map m r : S r H°(A/", C) — >• H°(Af, C r ) is surjective. 

Proposition 4.7.— Conjecture 4.5 holds in the following cases: 

(i) r = 2 and C has no vanishing thetanull; 

(ii) r > 3g — 6 and C is general enough; 

(iii) g = 2 , or g = 3 and C is non-hyper elliptic. 

Proof : In each case the multiplication map m r : S r H°(Af,£) -> H (A/",£ r ) is surjec- 
tive. This follows from [Bl], Prop. 2.6 c) in case (i), and from the explicit description 
of Msl 2 in case (iii). When C is generic, the surjectivity of m r for r even > 2g — 4 
follows from that of n%2 together with [L]. We have W(N , O) = for i > 1 and 
j > -3 by [K-N], Thm. 2.8. By [M2] this implies that the multiplication map 

H°(A/", C) <g> H°(AA, £ fc ) — > H°(A/", £ fc+1 ) 

is surjective for > dim A/" — 3 = 3g — 6 . Together with the previous result this im- 
plies the surjectivity of m r for r > 3g — 6 , and therefore by (4.6) the Proposition. ■ 

Corollary 4.8 .— Suppose C has no vanishing thetanull. There is a canonical 
isomorphism (£2!* |40| + which identify the maps if£, 2 : M. 2 --■ » \C2\* with 
9 : M 2 —* |49|+ smc/i too* 0(E,p) = © E . 

Proof : Let i : J 9-1 — > A/" be the map L^L® ^*L . The composition 

H°(A4 2 ,£ 2 )* ^H°(AA,£ 2 ) ^H°(J 9 - 1 ,C(46)) + 

is an isomorphism by Prop. 4.7 (i) and Prop. 2.6 c) of [Bl]; it maps (f£ 2 (E, </?) 
to i*As . Using Serre duality again we find i*As = ;|(©e + ©e*) = ©e , hence the 
Corollary. ■ 
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(4.9) Remarks .— 1) The corollary does not hold if C has a vanishing thetanull: the 
image of 9 is contained in that of i* , which is a proper subspace of |40| + . 

2) The analogous statement for r > 3 does not hold: the Verlinde formula 
implies dimH°(AT, C r ) > dimH ^" 1 , 0{2rQ))+ for g > 3 , or g = 2 and r > 4 . 
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